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Nonsimilar Nature of the Laminar Boundary Layer
WILLIAM F. GALLO,* JOSEPH G. MARVIN,* AND A. VERNON GNOSJ

NASA Ames Research Center, Moffett Field, Calif.

The effect of including the streamwise history or nonsimilar terms in the usual trans-
formed laminar boundary-layer equations is studied at three locations on a typical, blunted,
compression surface. The locations represent regions of mildly favorable, mildly adverse,
and strongly adverse pressure gradient. Theoretical boundary-layer solutions were obtained
at the three stations by numerically solving the laminar boundary-layer equations both with
and without the streamwise history terms included. Both solutions are compared with ex-
perimental boundary-layer data. The results indicate that in the presence of a strong ad-
verse pressure gradient the solutions exhibit a significant difference when the streamwise
history terms are considered. The largest differences appear in velocity profile and displace-
ment thickness with the data confirming the validity of the fully nonsimilar solution.

Nomenclature

/ = dimensionless stream function
fa = dimensionless velocity in streamwise direction, u/ue
g = dimensionless total enthalpy, H/HQ
H = total enthalpy, h + (u2/2)
h = static enthalpy
M = Mach number
n — index, = 1 for axisymmetric, = 0 for two-dimensional

flow
p = pressure
r = cylindrical radius of body
T = temperature
u = velocity in local streamwise direction
x = coordinate in local streamwise direction
y = coordinate normal to local streamwise direction
0 = pressure gradient parameter [Eq. (3a)]
y = ratio of specific heats
5* = displacement thickness, I ( 1 — —— ) dy

JO \ PeUeJ
transformed normal coordinate [Eq. (1)]

e == momentum thickness, I — — ( 1 — — )
J 0 peUe \ Ue /

dy

viscosity
| = transformed coordinate in streamwise direction [Eq. (2)]
p = density
a — Prandtl number
<f> = dimensionless density-viscosity product, p^/pejue

Subscripts
boundary-layer edge
stagnation point
wall
partial differentiation with respect to ?/
partial differentiation with respect to £

oo = freestream value

Introduction

BOUNDARY-layer development in the presence of ad-
verse pressure gradients has received renewed attention

in the study of compression surfaces on hypersonic inlets.
As distinguished from supersonic inlets where much of the
boundary layer is bled off, the higher temperatures of the
boundary layer in a hypersonic inlet will preclude bleeding.
It is also expected that the boundary-layer thickness will be
large due to the long length of run found on most proposed
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inlet configurations. This, coupled with the small throat
heights resulting from the large contraction ratios, will often
result in a large percentage of the throat flow being made up
of boundary la}^er. Because the boundary layer becomes
such an important consideration in inlet design, much new
effort is being focused on the behavior of boundary layers in
hypersonic flows with adverse pressure gradients.

In regions of favorable pressure gradients, reasonably good
predictions of boundary-layer behavior have been obtained
from solutions of the laminar boundary-layer equations
utilizing the assumption of local similarity. This tech-
nique1"3 reduces the basic boundary-layer equations from
partial differential equations to a system of ordinary differ-
ential equations by ignoring the streamwise history of the
flow except for the history implied in the definition of the
transformed coordinates. One attempted improvement on
this analysis was first shown by Thwaites.4 By using cor-
relations between wall shear stress, pressure gradient, and
the ratio of displacement to momentum thickness, he devised
an integral method applicable to incompressible flow with
pressure gradients. Extensions to adiabatic wall with unity
Prandtl number5 and compressible flow with heat transfer6

and real gas7 have been made. None of the methods have
demonstrated applicability in regions of adverse pressure
gradient, however, and all of them appear to have basic de-
ficiencies. Further discussion of local similarity assump-
tions may be found in Hayes and Probstein8 and others.9'10

Recently reported methods11'12 now make possible the
practical solution of the complete boundary-layer equations
including the streamwise history. Moreover, recent avail-
ability of large high Mach number test facilities also make it
possible to obtain more reliable data. Marvin and Sinclair13

took advantage of these two developments to investigate
the consequences of the local similarity assumption in regions
of large favorable pressure gradient. They solved the laminar
boundary-layer equations, transformed to the Lees-Dorod-
nitsyn coordinates both with and without the assumption of
local similarity. Their study provided a particularly good
comparison since the equations compared were exactly the
same except for the streamwise derivatives and were solved
using the same computer program. This eliminated many
uncertainties usually found in such studies. Marvin's study
concluded that for a large favorable pressure gradient, as
produced by the flow over the corner of a flat-nosed blunt
body, the locally similar solutions gave satisfactory predic-
tions of heat transfer and that little difference existed be-
tween the boundary-layer profiles predicted by the two solu-
tions.

The purpose of the present study is to investigate the ap-
plicability of the assumption of local similarity in a region
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Fig. I Photograph, of compression surface model.

of unfavorable pressure gradient. This is done by com-
paring predictions of boundary-layer profiles and momentum
and displacement thicknesses using the similar and non-
similar boundary-layer solutions with experimental results
obtained on a large-scale compression surface model. In-
dividual terms of the equations are also evaluated to aid in
understanding the results and are discussed in the Appendix.

Laminar Boundary-Layer Equations

Nonsimilar Equations

The Lees-Dorodnitsyn transformations14 are utilized to
transform the x and y coordinates of the usual boundary-
layer equations to 77 and £. By definition,

ern y p

= I•J 0

The following equations result:
Momentum:

[7 - #] = 2*</"/rf -

a)
(2)

(3)

(3a)

(4)

To complete the system of equations, the transport and
thermodynamic properties of air are expressed as functions
of enthalpy in the manner described in Refs. 7 and 8. For
example,

where

Energy:

= 2d lnue/d Ing

(5)

The equations are solved by iterative techniques using
the boundary conditions

/,(
,Q = 0
,» ^ 1 (6)

The equations are solved as ordinary differential equations in
77 by prescribing initial conditions for /„ and qn at 77 = 0 and

iteratively changing these conditions until the edge condi-
tions are satisfied as 77 ->• <». The outer boundary condi-
tions were assumed to be satisfied when

Ml -* °°), 0*0? -* °°) < 0.005
The £ derivatives are obtained using implicit three-point
difference equations. Further details of the method of
solution are given in Refs. 7 and 8.

Locally Similar Equations

Approximate solutions to the full set of equations [Eqs.
(3) and (4) ] have been obtained by utilizing the assumption
of so-called local similarity. This assumption neglects the
derivatives with respect to £, thus reducing the partial differ-
ential equations to ordinary differential equations in 77 alone,
facilitating solution. The result then is a series of local solu-
tions independent of the boundary-layer history except as
implied in the definition of the transformed coordinate, £,
The equations neglecting the terms with derivatives in £ are
Momentum:

+ + = 0

Energy:

These equations were solved in the same manner as Eqs.
(3) and (4) using the same boundary conditions of Eq. (6).
The solution is somewhat simpler since the streamwise terms
are neglected.

Experiment

Model and Test Facility

The model (Fig. 1), whose coordinates are listed in Table
1, is an isentropic compression surface, 48 in. in length, with
a slightly blunted nose radius of 0.188 in. To prevent
warping of the leading edge from the high stagnation tem-
peratures, water cooling tubes in the leading edge were em-
ployed. Surface temperatures were measured by thermo-
couples mounted in the surface of the model at various longi-
tudinal stations. It was found that due to the short running
times and large model mass surface temperatures were nearly
constant along the length of the model except for the im-
mediate nose region. Surface pressures were measured by
orifices located at various longitudinal stations. Spanwise
surface pressure measurements were also made to confirm the
two-dimensional character of the flow.

The model was tested in the Ames 3.5-ft hypersonic wind
tunnel at a freest-ream Mach number of 10.5. The nominal
freestream total temperature was 1900°R, the freestream

Table 1 Model coordinates

X, in. F, in. X, in. F, in.

0
10
11
12
13
14
15
16
17
18
19
20
22

0
0.524
0.578
0.634
0.692
0.752
0.813
0.874
0.936
1.000
1.066
1.136
1.286

24
26
28
30
32
34
36
38
40
42
44
46
48

1.450
1.626
1.820
2.038
2.280
2.540
2.816
3.108
3.414
3.734
4.070
4.422
4.790
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Fig. 2 Photograph of boundary-layer probe.

total pressure was 1800 psia, and the resulting Reynolds
number was approximately 2 million per foot. Additional
details concerning the facility are given in Ref. 15.

Profile Determination

Velocity profiles were determined, from measured Pitot and
static pressure and total temperature, using a three-pronged
movable probe (see Fig. 2) mounted on an overhead carriage.
Profiles were obtained at three survey stations, 11.2, 26.2,
and 39.1 in. downstream of the leading edge. The measured
temperature was modified by a probe calibration factor
experimentally obtained and similar to that described in
Ref. 16. The edge of the boundary layer was determined
experimentally from Pitot pressure, temperature, and ve-
locity profiles. Comparisons with the velocity and Pitot
profiles obtained from an inviscid method of characteristics
also aided in determining the boundary-layer edge.

Results and Discussion

Theoretical boundary-layer velocity profiles were obtained
using edge conditions obtained from measured surface static-
and impact pressures along with measured total test condi-
tions. The boundary-layer calculations were begun at the
stagnation point of the small blunt leading edge and for these

——— METHOD OF CHARACTERISTICS
——— M/C WITH CORRECTION FOR S*

O DATA

Fig. 4 Longitudinal distribution of pressure gradient
parameter along compression surface.

edge conditions theoretical values were used. It should be
pointed out that although the freestream Mach number is
10.5, the small nose bluntness and the compression surface
reduces the Mach number at the boundary-layer edge to
about 3.2 for the three stations considered. Figure 3 shows
the longitudinal distribution of surface static pressure along
with a theoretical distribution obtained from a method of
characteristics solution using initial conditions obtained
from a blunt-body solution.17 A second theoretical distribu-
tion taking into account a displacement thickness obtained
from the boundary-layer solution resulted in better agreement
in pressure distribution, particularly at the first two stations
probed. Agreement between theory and experiment is ac-
ceptable, certainly up to the last boundary-layer survey
station at X/L = 0.81. Both inviscid theory and experi-
ment also indicated that static pressures normal to the sur-
face were practically constant for a distance at least equal
to the predicted boundary-layer height.

Figure 4 shows the longitudinal variation of the pressure
gradient parameter ft computed from Eq. (3a). The initial
positive ft results from the small nose blunting; ft remains
positive up to about 15 in. along the surface where the sur-
face turning produces compression and a negative ft.

Velocity Profiles

Theoretical velocity profiles were obtained from solutions
to both the similar and nonsimilar boundary-layer equations
and are shown along with the experimental results in Figs.
5-7. The first boundary-layer survey station probed was
11.2 in. downstream of the nose in a region of slightly favorable
pressure gradient (ft = 0.0235) (Fig. 5). Little difference
appears between the profiles predicted from either solution.
The experimental data show reasonable agreement with
theory, when it is considered that physical heights are com-
pared. It may be noted that near the surface, probe inter-
ference effects strongly affect the data (e.g., data less than
^0.07 in.). The results are as expected and confirm the

SIMILAR SOLUTION
—NONSIMILAR SOLUTION

3 = 0.0234
_ w = 0.288

y, in.

x/L

Fig. 3 Longitudinal distribution of pressure along com-
pression surface. Fig. J>^ Boundary-layer velocity profile at X/L = 0.23.
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y,m.

——— SIMILAR SOLUTION
— — NONSIMILAR SOLUTION

O DATA

• SIMILAR SOLUTION

Fig. 6 Boundary-layer velocity profile at X/L = 0.55.

conclusions of others, namely, that for favorable pressure
gradients (here mildly favorable gradients), the assumption
of local similarity provides reasonable solutions.

The second station, 26.2 in. downstream of the nose, is in a
region of slightly adverse pressure gradient (j3 = —0.047).
The predicted and measured velocity profiles at this station
are presented in Fig. 6. The data fall between the two
predictions and either prediction appears reasonable.

At the third station, 39.1 in. from the nose, where the
pressure gradient is strongly adverse (/3 = —0.138), there is

——— SIMILAR SOLUTION
——— NONSIMILAR SOLUTION

O DATA

£ = -0.138
y, m. gw= 0.288

.24 -
——— NONSIMILAR SOLUTION

.20 - ° DATA

gw = 0.288

.16 - DISPLACEMENT THICKNESS, S*

MOMENTUM THICKNESS, 8

.6
X/L

Fig. 9 Boundary-layer integral properties for compression"
surface.

Incipient Separation

The importance of retaining the nonsimilar terms in the
boundary-layer prediction also manifests itself when bound-
ary-layer separation is considered. Figure 7 indicates that
the velocity profile as predicted by the similar solution is
incipient to separation. This condition is also demonstrated
in Fig. 8, which shows the wall shear, /^(O), plotted versus
the pressure gradient parameter, /3, for various locations
along the compression surface where /3 was negative. The
similar solution predicts a significantly lower wall shear than
does the nonsimilar solution for the same pressure gradient.
The similar solution also indicates a rapid approach to zero
wall shear or, to separation as indicated by the flat slope of
the curve near the value of $ = —0.138, the last survey
station. The nonsimilar solution indicates a slower approach
to separation, which is consistent with the data from the
velocity profiles. As a matter of interest, it was determined
that for the subject compression surface, nonsimilar solutions
could be obtained for larger negative values of /3 before the
shear approached zero. It may be concluded that retaining
the nonsimilar terms in the boundary-layer equations in the
present case leads to significantly different predictions of the
separation point, the nonsimilar solution predicting separa-
tion further downstream than the similar.

Fig. 7 Boundary-layer velocity profile at X/L = 0.81.

a marked difference between the velocity profiles predicted
by the nonsimilar and the locally similar solutions as shown
in Fig. 7. The experimental profile agrees with the predicted
nonsimilar profile and confirms the validity of the solution
that considers the streamwise history. Thus, on this com-
pression surface in the region where the pressure gradient
was strongly adverse, it is necessary to include the boundary-
layer history to achieve a reasonable prediction of the velocity
profile.

——— SIMILAR SOLUTION
— —NONSIMILAR SOLUTION

Qw = 0.288

Integral Properties

Predictions of the integral properties, such as boundary-
layer momentum and displacement thicknesses, are also
affected by retention of the nonsimilar terms in the bound-
ary-layer equations. Figure 9 presents a comparison of
predicted and experimental displacement and momentum
thicknesses along the compression surface. The momentum
thickness is slightly lower for the nonsimilar solution. The
predicted displacement thicknesses, though, differ con-
siderably in the adverse pressure gradient region and here
only the results from the nonsimilar solution agree with the

——— SIMILAR SOLUTION
— — NONSIMILAR SOLUTION

£=-0 .138

y, in

Fig. 8 Wall shear vs pressure gradient parameter along
compression surface.

Fig. 10 Boundary-layer velocity profiles for different wall
cooling ratios.
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.20

.16

. 1 2

.08

.04

NONSIMILAR SOLUTION
/3-0.0235

a)

SIMILAR SOLUTION
0.0235

——— SIMILAR SOLUTION
——— NONSIMILAR SOLUTION

=0.235

Fig. 11 Terms of the laminar boundary-layer momentum
equation at X/L = 0.23; a) individual terms, nonsimilar;
b) individual terms, similar; c) summation of terms,

similar and nonsimilar.

NONSIMILAR SOLUTION
/3 = -0.047

a)

SIMILAR SOLUTION
-0.047

b)

SIMILAR SOLUTION
— — NONSIMILAR SOLUTION

-0.047

c)

Fig. 12 Terms of the laminar boundary-layer momentum
equation at X/L — 0.55; a) individual terms, nonsimilar;
b) individual terms, similar; c) summation of terms,

similar and nonsimilar.

measurements. The consequences of overestimating the dis-
placement thickness may be strongly reflected, for example,
in the design of a hypersonic inlet, wherein the displacement
thickness is used to give an effective inviscid flow contour.

Effects of Wall Cooling

To determine whether the differences exhibited between the
locally similar and nonsimilar solutions depended on wall
temperature, solutions were performed for different wall
cooling ratios. Figure 10 presents the resulting velocity
profiles at the last survey station for the similar and non-
similar solutions. There is a significant effect of wall cooling
ratio on both solutions. Although the profiles are different
for each of the wall cooling ratios investigated, the largest
difference appears at gw = 0.288, where the similar solution
exhibits a profile incipient to separation as previously shown.

Conclusions

Comparisons of boundary-layer characteristics predicted
using nonsimilar and locally similar forms of the boundary-

layer equations have been made with data obtained on a
compression surface model. The following conclusions were
reached:

1) The full set of nonsimilar solutions, which accounts for
streamwise boundary-layer history, gave predictions of
velocity profiles and displacement and momentum thick-
nesses that compared well with data.

2) The locally similar solutions, which neglect streamwise
boundary-layer history, failed to give accurate predictions
in the region of strong adverse pressure gradient, although
in the mildly favorable and mildly adverse pressure gradient
region the predictions were reasonable.

Appendix

Influence of Nonsimilar Terms

A qualitative understanding of the differences in predicted
velocity profiles in regions of adverse pressure gradient can
be achieved by examining the behavior of the terms in the
momentum equation as a function of 77. For this purpose,
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.08

.04
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\ NONSIMILAR SOLUTION
/ \ /3 = -0.i38

' «^-f2> | \^ 1 \

V \

b)

——— SIMILAR SOLUTION
— — NONSIMILAR SOLUTION

£ = -0.138

c)

Fig. 13 Terms of the laminar boundary-layer momentum
equation at X/L = 0.81; a) individual terms, nonsimilar; b)
individual terms, similar; c) summation of terms, similar

and nonsimilar.

it is convenient to rewrite Eq. (3) as

(Al)

The corresponding locally similar equations are obtained by
removing the nonsimilar term, 2£(/,7/7?£ — hfm)*

The terms on the right-hand sides of Eq. (Al) at each
survey station are plotted in Figs. 11, 12, and 13. Parts a
and b of the figures show the terms obtained from the non-
similar and locally similar solutions, respectively. Part c
compares the summation of these terms for the two solu-
tions. For positive values of ft [see Fig. lla], both the
nonsimilar term, which is negative, and the pressure gradient
term, /3(pe/p/r,2), which is preceded by a negative sign in the
equation, influence the solution in the same way. That is,
they increase the absolute value of the right-hand side of
Eq. (Al), which results in an increase in velocity gradient
at the wall for the nonsimilar solution over the similar solu-
tion. On the other hand, for negative values of ft [Figs.
12a and 13a], the nonsimilar term and the pressure gradient

term have opposite signs. The net result is a decrease in the
absolute value of the right-hand side of Eq. (Al). The
right-hand side of the equation, including the nonsimilar
term, is still larger than when it is neglected as evidenced
in Figs. 12c and 13c. Thus, whenever the nonsimilar terms
are included, the velocity gradient at the wall or wall shear
is always greater than that obtained by neglecting nonsimilar
terms. This increase in velocity gradient will result in a
fuller velocity profile (cf. results from Figs. 6 and 7).

Other investigators (e.g., Refs. 1 and 2) have suggested
that the use of locally similar solutions may be justified
when the magnitude of the nonsimilar terms is negligible as
compared with the other terms. The present results indicate
that at each of the three survey stations the nonsimilar term
is not negligible (Figs, lla, 12a, and 13a) yet the similar
solutions yield reasonable predictions at the first and second
station although not at the third station. Thus it is apparent
that merely evaluating the magnitude of the nonsimilar
term would not be sufficient to determine when locally similar
solutions might be utilized. Further, it is suggested from
the present results that only where ft is a large negative
quantity, or in other words, regions of strong adverse pressure
gradients is it necessary to use the more complex nonsimilar
solutions.

In Fig. 13b, //^ does not achieve as small a value at large
77 for the locally similar solution as it does at the other two
stations. The usual criteria for achieving a converged
solution were that /^(ry -*• °°) and g^-^ °°) < 0.005. At
the last station where ft = —0.138 it was not possible to
satisfy this condition and convergence was determined to
be satisfied when f^(^ -** m) and g^rj -> <») was <0.01.
Refinements to the solution were attempted by increasing
77 to very large values and by computing a family of solutions
for ft close to the nominal value. No improvement in the
value of fmfa -*• °°) could be obtained. Although some
error in the solution may be involved, the magnitude of the
error is felt to be negligible.

Observation of Fig. 13c, which is the summation of the
individual terms at the last station, shows that the locally
similar solution is quite different from the nonsimilar solution.

It may be noted that the summation of similar terms is
equal to (f^-n according to Eq. (7). Integrating the curve
over the range of 17 is then proportional to the wall shear
/^(O). Bearing in mind the signs involved, it may be noted
that the net result of integrating the area would tend toward
zero, indicating close to zero shear at the wall. This observa-
tion is confirmed by Fig. 8, which shows wall shear to be
approaching zero at this station.
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Distribution of a Trace Element in a Boundary
Layer with Mass Transfer

NELSON H. KEMP* AND JAMES WALLACE!
Avco Everett Research Laboratory, Everett, Mass.

A theory is presented for the downstream distribution of a tracer injected into a boundary
layer of a flat plate or cone with self-similar mass transfer. The tracer, which is injected
over a finite length of the surface, is assumed to be chemically inert. Its behavior is con-
trolled by a frozen diffusion equation. The assumption of constant density-viscosity prod-
uct, and unit Schmidt number results in a linear partial differential equation for the seed
mass fraction. This is solved analytically in series form by separation of variables, and nu-
merically by a finite difference technique. It is shown that far downstream of the tracer in-
jection region the analytical results reduce to a simple form; namely, the mass concentration
profile is proportional to the local shear even in the presence of mass transfer. However,
near the tracer injection region, even the first ten terms are insufficient to yield profiles com-
parable to those produced by the numerical integration scheme.

Nomenclature
C = trace species
D = diffusion coefficient
/ = Blasius function with mass transfer
M = total mass rate of injection of trace species
N = eigenfunction with mass transfer
u,v = velocity components along and normal to the surface
x,y = Cartesian coordinates along and normal to the surface
z = transformed similarity variable
£,17 = similarity variables
X = eigenvalue
0 = mass fraction of tracer in ablating material
p = density

IJL = coefficient of viscosity
(pv)w ~ mass transfer at solid surface

Subscripts
e = outer edge of boundary layer
h = trailing edge of injection region
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= leading edge of injection region
= wall

I. Introduction

THIS report investigates the problem of seeded boundary
layers with mass transfer, i.e., boundary layers into which

small amounts of foreign material are injected and used as
tracers. Since the tracer is injected from a limited portion
of a surface its concentration profile is different from the
other species in the boundary layer. In this report we con-
sider the simplest case of this problem, i.e., injection of a tracer
into the boundary layer of a flat plate or cone and adopt the
frequently employed approximation of constant PJJL and unit
Schmidt number in the boundary layer. The velocity pro-
file in the ablating boundary layer then is uncoupled from
the species equation and is approximated by the solution of
the Blasius equation with mass transfer. The distribution
of tracer in the boundary layer is described then by a linear
nonsimilar diffusion equation whose coefficients depend
upon the solution of the momentum equation. The problem
thus formulated has been investigated previously in the case
of zero blowing where it corresponds to diffusion with vari-
able wall catalyticity, and to heat transfer to a wall with
variable temperature.1 The formulation of the problem with
mass transfer is given in Sec. II.

The problem is investigated both numerically and an-
alytically. The numerical solution is given in Sec. Ill,


